Abstract. Let M be a compact orientable closed 3-manifold, and F a non-separating incompressible closed surface in 
Introduction
There exist examples which show that an amalgamation of two minimal genus Heegaard splittings of M 1 and M 2 is stabilized, see [1] , [8] and [19] etc. On the other hand, it has been shown that under some conditions on the manifolds, the gluing maps, or the distances of the factor manifolds, the equality g(M ) = g(M 1 ) + g(M 2 ) − g(F ) holds, see [9] , [10] , [20] , [7] and [21] etc.
Suppose now that F is a non-separating incompressible surface in M . Let η(F ) and N (F ) be the open and closed regular neighborhood of F in M . We denote by F 1 and F 2 the two boundary components of N (F ). Let
Then M has a natural Heegaard splitting
Let β be an unknotted arc in N (F ) such that
; ∂N (F )) + 1. Qiu and Lei [13] and Du, Lei, and Ma [4] have given lower bounds of Heegaard genera of the self-amalgamation of 3-manifolds under some circumstances. 
Theorem 1.1. Let M be an orientable closed 3-manifold, and F a nonseparating incompressible closed surface. Let
, then M has a unique minimal Heegaard splitting up to isotopy, i.e., the self-amalgamation of
In this paper we give a lower bound for genera of self-amalgamations of Heegaard splittings under some condition on the distances of the Heegaard splittings as follows:
As a direct consequence of Theorem 1.3, we have:
In Section 2, we review some preliminaries which will be used in Section 3. The proof of Theorem 1.3 is given in Section 3.
Preliminaries
In this section, we will review some fundamental facts on surfaces in 3-manifolds.
Let M be a 3-manifold. Suppose F is a surface properly embedded in M . If F is incompressible and not parallel to a sub-surface of ∂M , then F is said to be an essential surface in M .
Let M = V ∪ S W be a Heegaard splitting, α and β be two essential simple closed curves in S. The distance d(α, β) of α and β is the smallest integer n ≥ 0 such that there is a sequence of essential simple closed curves α The following are some basic facts and results on Heegaard splittings.
Lemma 2.1 ([18]). Let V be a compression body and F an incompressible surface in V with
∂F ⊂ ∂ + V . Then each component of V − F is a compression body.
Lemma 2.2 ([5]). Let V ∪ S W be a Heegaard splitting of M and F a properly embedded incompressible surface
Let M = V ∪ S W be a Heegaard splitting, and F a boundary component of M . By gluing a F × I to F and then amalgamating the standard Heegaard splitting of genus 2g(F ) of F × I (see [16] ) with the given Heegaard splitting (V, W ) of M , we get a new Heegaard splitting of M . The construction above is called a boundary stabilization on the boundary component F . This was defined by Moriah in [11] . 
Lemma 2.3 ([17]). Suppose P and Q are Heegaard splitting surfaces for the compact orientable 3-manifold M . Then either d(P ) ≤ 2genus(Q) or Q is isotopic to P or to a stabilization or boundary-stabilization of P .
We may assume that Assumption (1) one or both of S ∩ M 1 and S ∩ M 2 are compressible in
Since F is a collection of essential surfaces in M , H 1 and H 2 are non-trivial compression bodies. Let D be an essential disk of H 2 such that |D ∩ F| is minimal among all essential disks in H 2 . By Assumption (2), |D ∩ F| > 0. Furthermore, we may assume that Assumption (3) S is a strongly irreducible Heegaard surface such that |D∩F | is minimal among all Heegaard surfaces isotopic to S and satisfying Assumptions (1) and (2) .
Let a be an outermost component of D ∩ F on D. This means that a, together with an arc b on ∂D(⊂ S), bounds a disk B in D which lies in either M 1 ∩H 2 or M 2 ∩H 2 such that B∩F = a, and we may assume that B ⊂ M 2 ∩H 2 . By the minimality of |D ∩ F|, B is a ∂-compressing disk of S ∩ M 2 . Now there are two cases:
Similarly 
, this contradicts the strong irreducibility of S ′ . Hence the remaining case is that 
By the assumption, we have ∂M * = S 1 ∪ S 2 ∪ S * , where S * is a non-empty union of components of ∂M .
Suppose S ′ is a stabilization of S. We describe S ′ in a slightly different Since S i is obtained by a sequence of stabilizations of S, by induction we have that S and S i are homological, and moreover the homology is carried in a regular neighborhood of a 2-complex in M . Hence S 1 and S 2 are homological in M and the homology is carried in a regular neighborhood N (X) of a 2-complex
Claim. Either ∂M 1 ̸ = S 1 or M 1 is not a subset of N (X). The similar is true for M 2 .
Proof of Claim. We are going to prove the claim by contradiction. Suppose
be the double of M 1 , which is obtained by gluing two copies of M 1 along their boundaries via the identity. Let D(X ∩M 1 ) (resp. D(N (X)∩M 1 )) be the union of two copies of
. This is not possible, since D(N (X) ∩ M 1 ) has the 2-complex D(X ∩ M 1 ) as a deformation retract, which cannot be a closed 3-manifold. So the claim is proved. □
Since N (X) carries the homology from S 1 to S 2 , S 1 and S 2 are still homologous in M ′ .
On the other hand, S 1 and S 2 are two closed disjoint orientable surfaces in orientable 3-manifold M ′ , S 1 and S 2 are homological in M ′ if and only if S 1 ∪S 2 cobounds a submanifold in M ′ or each of S 1 and S 2 bounds a submanifold and homologically trivial, which is not possible by (2) . □
The proof of the main theorem
Now we come to the proof of Theorem 1.3.
Proof of Theorem 1.3. By assumption, M
Heegaard splitting of M ′ with d(S ′ ) > 2(t + 2g(F )) > 0, then by Haken's lemma (refer to [3] ), M ′ and M are irreducible.
Suppose that the inequality g(M ) ≥ t + 1 does not hold, then there exists a minimal Heegaard splitting V ∪ S W of M with g(S) < t + 1.
We divide it into the following two cases to discuss. Case 1. The Heegaard splitting V ∪ S W is strongly irreducible.
Claim 1. S can be isotoped so that
is incompressible.
Proof of Claim 1. In this case, ∂N (F ) is a minimal separating system in M which cuts M into M ′ and N (F ). By Lemma 2.4, S can be isotoped to one of the following three cases:
(1) S ∩ M ′ and S ∩ N (F ) are incompressible. 
Since g(S) < t + 1 and d(S
Let A 1 , . . . , A r be all the components of S V with boundary,
Claim 2. For any components
Proof of Claim 2. Suppose that there are two components of S V , say A i0 and 
is a compression body. Let S 
we have
the unique minimal Heegaard splitting of M ′ up to isotopy, and S ′ i is isotopic to S ′ or to a possible stabilization or boundary-stabilization of S ′ for i = 1, 2. 
